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Several  techniques u se fu l  f o r  f ind ing  weight d i s t r i b u t i o n s  o f  the
binary Bose-Chaudhuri-Hocquenghem codes (the BCH codes) o f  length 2m- l  and
some other c y c l i c  codes are presented.  By using (1) a r e l a t i o n  between the
BCH codes and the Reed-Muller codes ,  (2) the invariant  property  o f  the BCH
codes (extended by the a d d i t io n  o f  an o v e r a l l  p a r i ty  check) under a doubly
t r a n s i t i v e  group o f  permutations on d i g i t  p o s i t i o n s  and (3) the power
moment i d e n t i t i e s ,  e x p l i c i t  weight d i s t r i b u t i o n  formulas are derived for
(2m“ 1- 2 i:n/2" j - l ) -B C H  codes with j = 0 and 1, (2m’ 1- 2 (m" 1 ) / 2 + j - l ) -BCH codes
with 0 < j < 2, the dual codes o f  d o u b l e - e r r o r - c o r r e c t i n g  BCH codes ,  the
dual codes o f  t r i p l e - e r r o r - c o r r e c t i n g  BCH codes ,  and some other c la ss  o f
c y c l i c  codes .  Here, f o r  odd d, a d-BCH code i s  a BCH code o f  length 2m- l  
2 d“ 1 dwhich has 3 ,6  , . . . , 6  but not 3 as r oo ts  o f  i t s  generator polynomial ,  
where 3 i s  a p r im it ive  element o f  GF(2m) .
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11. INTRODUCTION
The weight d i s t r i b u t i o n  problem o f  a code is  to f ind  the number o f  code 
v e c to r s  o f  each weight in the code .  The weight d i s t r i b u t i o n  is  one o f  the 
important p r o p e r t i e s  o f  the s truc ture  o f  a code and g ives  the complete 
information on the p r o b a b i l i t y  o f  an undetected error  when the code is used 
fo r  e r r o r  d e t e c t i o n  only .
To the a u th or ' s  knowledge,  e x p l i c i t  formulas o f  weight d i s t r i b u t i o n  
have been known only f o r  the Hamming codes [ l ]  and the Reed-Solomon codes
[ 2 ] .  The weight  d i s t r i b u t i o n s  o f  a l l  c y c l i c  codes o f  length 31 were com­
puted by Prange [3 ]  and a number o f  weight d i s t r i b u t i o n s  f o r  BCH codes and 
the ir  dual codes o f  length 63 to  1023 found by d i g i t a l  computation have been 
tabulated  by Peterson  [ 4] .
In th is  paper, se v e ra l  methods u s e fu l  f o r  f in d in g  the weight d i s t r i ­
butions  o f  b inary Bose-Chaudhuri-Hocquenghem codes [ 5] (BCH codes)  o f  length 
2 -1 are presented.  E x p l i c i t  weight d i s t r i b u t i o n  formulas fo r  severa l  
c l a s s e s  o f  BCH codes and some other c y c l i c  codes are der ived .
Let C be a binary l in ear  code o f  length n and l e t  k denote the number 
o f  information  d i g i t s .  Let a d e n o t e  the number o f  v e c to r s  o f  weight j in 
C and bj  denote the number o f  v e c to r s  o f  weight j  in the dual code o f  C. A 
s e r i e s  o f  i d e n t i t i e s  by which each a.  can be ca l c u la t e d  from the b h has
J j
been given by MacWilliams [ 6 ] .  Thus i t  is enough to cons ider  the case where 
k i  n_k. The f o l l o w in g  power moment i d e n t i t i e s  have been derived from 
MacWilliams i d e n t i t i e s  by P less  [ 7] .
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where is a S t i r l i n g  number o f  the second kind [ 8 ] .  
Simple formulas fo r  even j
j a j = (n+1- j )  an + l - j
(2 )
JV ( n + l - j )  bn+1_. (3)
have been proved to hold  f o r  the BCH codes o f  length 2m- l  by Prange and 
Peterson  [4 ]  as a simple consequence o f  the fa c t  that i t  is p o s s ib le  to 
extend these codes by adding one more check d i g i t  in such a way that the 
extended code is  invariant  under a doubly t r a n s i t i v e  group o f  permutations 
on the components o f  a code v e c t o r .
m
For odd d, by a d-BCH code is  meant a binary BCH code o f  length 2 -1 
2 d-l dwhich has 3,  3 , . . . ,  3 but not 3 as ro o t s  o f  i t s  generator polynomial ,  
where 3 is a pr im it ive  element o f  GF(2m) .  For even d,  l e t  a d-BCH code be a 
code c o n s i s t i n g  o f  the code v e c to r s  o f  even weight in a (d-l ) -BCH code.  A 
t - e r r o r - c o r r e c t i n g  BCH code [5 ]  is  a (2t+l)-BCH code.
A c y c l i c  code o f  length 2m~l can be derived from the v - t h  order 
Reed-Muller code o f  length 2 L9J by d e le t in g  the f i r s t  component o f  each 
code v ec to r  and permuting the remaining components s u i t a b l y .  The r e s u l t in g  
code w i l l  be c a l l e d  the v - t h  order modi fied Reed-Muller code.  This code has 
been proved to  be a subcode o f  a (2 -1)-BCH code L10] . I t  is  shown in
s e c t i o n  3 that the p o s s i b l e  values o f  weights o f  code v ec to r s  o f  the second 
order Reed-Muller code are very sparse .  By using th is  f a c t  as w e l l  as the 
power moment i d e n t i t i e s  and the invariant  property ,  e x p l i c i t  weight d i s t r i ­
bution formulas are obtained f o r  the fo l l o w in g  subcodes o f  the second order 
modified  Reed-Muller code :  the dual code o f  every d o u b le - e r r o r - c o r r e c t i n g
BCH code ,  the dual code o f  t r i p l e - e r r o r - c o r r e c t i n g  BCH code f o r  any odd 
m > 5 and s e v e ra l  even m's ,  (2 - 2  ^ -BCH codes f o r  even m > 4,
(2 m 1- 2m^2)-BCH codes f o r  even m > 4,  (2™ 1- 2 ('m" 1^ 2)-BCH codes f o r  odd 
m > 3, ( 2 m"1 -  2^mfl^ 2)-BCH codes fo r  odd m > 5, (2m 2^m+3^ 2)-BCH code
fo r  odd m > 11 and some other  c la s s e s  o f  c y c l i c  codes .
42. INVARIANT PROPERTIES
Let n = 2 -1.  The extended code o f  C is the code with an o v e r a l l  p a r i ty
check added to  C as the f i r s t  d i g i t .  The f i r s t  component in a code v e c to r
is  numbered 0, and f o r  i  >1.  the i - t h  component is  numbered O'1 , where ol is
a p r im it iv e  element o f  GF(2 )„  Let v be a v e c to r  o f  the extended code .
For a(=^0) and b in GF(2m) ,  permute the component o f  v in p o s i t i o n  X to
p o s i t i o n  aX + b.  Then, the r e s u l t in g  v e c to r  w i l l  be denoted by tt v.  If
ab
the extended code o f  C is  invariant  under doubly t r a n s i t i v e  group o f  permuta­
t ions  tt = iTTa|3 | b G GF(2 ) }  , then C is  a c y c l i c  code by d e f i n i t i o n .
Peterson  [4 ]  proved that the extended codes o f  (2t+l)-BCH codes are invariant  
under permutation group tt .
Let i  be a p o s i t i v e  in teger  l ess  than 2m. Then i  can be expressed in 
b inary form:
m-1
i  = .? 8 .  2J .
J=0 J
Let l ( i )  denote the se t  o f  a l l  nonzero integers  i* such that
m-1
i 1 = . 2 .  6 ’. 2J ,J=0 J
where 0 < 6 '  < 6.  f o r  0 < i < m.
-  J ~  J
Theorem 1 [ 1 0 ] :  Let C be a c y c l i c  code o f  length 2m- l  generated by
polynomial g ( X ) . The extended code o f  C is  invariant  under permutation
group tt i f  and only i f  (1 )  g ( l )   ^ 0 and ( 2 ) ,  f o r  every r o o t  a 1 o f  g ( X ) ,
i 1
g(a  ) = 0 f o r  i '  in I ( i ) .
m 2m 1Let Cq be a c y c l i c  code o f  length 2 - 1  generated by g(X) = (X ‘ 1- 1 ) /
(ho ( X ) . . . h  (X)), where hQ(X) = X - l ,  bu(X) is  an i r r e d u c ib le  polynomial o f  
j idegree m± and h±(Q! ) = 0 (0 < i  < p) . Suppose that  g(X) s a t i s f i e s  the
5c o n d i t i o n  o f  Theorem 1. Let v(X) be the polynomial re p r e se n ta t io n  [ l ]  o f  a
• i j . m.
code v e c to r  o f  Cq . I f  g ( a J) = 0, then v ( a J) = 0. Obvious ly ,  v (a  L) € GF(2 1)
m.
(0  < i  < p ) .  Conversely,  f o r  any set  o f  3 in GF(2 1) (0 < i <  p ) , there
•k
e x i s t s  a unique code v e c to r  v(f3 , . . . , 3 : X) in C such that
j .  °  P o
v ( 3q , . . . , 3^: Oi 1) = 3 ^  (0 < i <  p) • (Mattson and Solomon [ l l ]  ) Let 
v ( 3q , •••> 3 ) denote the v e c to r  with an o v e r a l l  p a r i ty  added to  code v e c to r  
v(3 , . . . 3  : X) as the f i r s t  component. v(3 , . . . , 3  ) is a v e c to r  o f  theo p  o p
extended code C o f  C . Let X.. , . . . , X be the l o c a t i o n  numbers o f  nonzero ex o i. w
o ’ • * •• v -
w
f S i
x j i  = 
x f
J,
I f  g(n ) = 0, then
W JL
f S i  x f  ■ (4)
v mOtherwise,  h^(c* ) = 0 f o r  some q and, consequently ,  l = j^2 (mod 2 -1 )  f o r
some 0 < v < m . Hence,
q w 2V
f? i  K  = 3f = l  f  q (5)
For any a(^0) and b in GF(2 ) there e x i s t s  v((3 ' , . . . , 3 ' )  in C such thato p ex
By d e f i n i t i o n ,
I f
P ' )  = n ab v(Po , . . . ,  P ) .
w J .
= f2 1 (aXf  + b)  \  ( 1 <  i <  p ) .  
a ct a
j  = 2 l+ 2 2+„ . .+ 2 (0 < cr1 < a 2 . CTt < m) ,
a a a cr cr a
• o 1 9  ^ o i  a t o  ^ 0 t
( aXf + b ) J = ( a  Xf  + b  ) . . . ( a  X + b  )
( 6)
= 2
SL € " I ( j )
ai -x£ (7)
<
Vector v(X) means the ve c to r  represented by polynomial v(X)
I t  fo l l o w s  from (4)  through (7)  that
P j a2V 2V W V 
3 !  = S S a q b q , (1 < i  < p) 
1 <*=1 v€ E ~
iq
( 8)
where E. is the set  o f  integer  v ' s  such that the remainder o f  i 2V/ ( ' 2 ® - niq Jq ^
is  in I ( i . )  and that 0 < v < m .J i  — q
m.
Lemma 2 : Assume th a t ,  f o r  given 3^ and |3^  in GF(2 1) (1 < i  < p ) ,
there are a(JO) and b in GF(2m) which s a t i s f y  ( 8 ) .  Then, i f  the weight o f
v (0 ,  3 , , . . . ,  3 : X) is  w, the weight o f  v (0 ,  8 ' , . . . ,  3 ’ : X) is  e i t h e r  w or 
1 P i p
n + 1 - w .
P r o o f : I t  f o l l ow s  from the assumption that there e x i s t s  3 '  in GF(2)o
such that v (,3^| . . 3^) = TTa^v(0,P^, . . .  , 3p ) . Obvious ly ,  the weights o f
v ( 0 ,  3 1 , . . . ,  3p ) and v ( 3 ^ , . . . ,  3p) are equal to w. I f  p^ = 0, the weight 
o f  v (0 ,  3 ' , . . . ,  3 ' :  X) is w. I f  3 '  = 1, the weight o f  v ( l ,  3 - ! , . . . ,  3 ' :  X)i P o l  p
«m _
is  w-1 by d e f i n i t i o n .  C contains  a l l - o n e  v e c to r  e(X) = 1+ X + . . . +  X 
2m_2 . °
Since  e(orJ) = f| Q a j£  = 0 (0 < j  < 2m- l ) ,  v ( 0 ,  P j , . . . ,  P ' :  X) = v ( l ,  P|, .
3 p : X) + e(X) . There fore ,  the weight o f  v ( 0 ,  3 | , . . . ,  3p : X) is n+ 1 - w.
Q.E.D
Since  Cq conta ins  a l l - o n e  ve c to r  e = ( 1 , . . . ,  1) ,
a . = a .,  f o r  any i . 
n - J  j ’ 7 J
Consequently,  i t  is enough to cons ider  code C c o n s i s t i n g  o f  a l l  the code 
vec to rs  o f  even weight in C^. In code C, 3 q — 0. Since symmetry property  
(2 )  holds for  Cq by Prange Theorem [ 3 , 4 ] ,  i t  a l so  holds f o r  C. Hence, i t  
is  s u f f i c i e n t  to  f ind  a  ^ + an+  ^ j f o r  even j  (0 < j < ( n + l ) / 2 ) .  Thus the 
f o l l o w in g  power moments are convenient .
71» = ?L ( j  ‘  C ( n + l ) / 2 ] /  ax J^O J
where [ x ]  denotes the in teger  part o f  x.
I f  n is  odd and = 0, then
k -2 -2 2I 2 = 2K z (n+1) - 2 (n+1) ,
I 4 = 2k ‘ 4 [ 3 (n+1)2 -  2 ( n + l ) ]  -  2 ' 4 (n+1)4 + 3 , 2k_1 (b3+b4 ) 
I f  n is  odd and b^ = 0 (1 < i  < 4 ) ,
I 6 = 15-2k " 6 [ ( n + 1 ) 3 -  2 ( n + l ) 2]  + 2k" 2 (n+1)
-  2 ' 6 (n+1 )6 + 6! 2k ' 6 ( b . + b , )5 6




83. MODIFIED REED-MULLER CODES
Let Vj denote a j -d im en s ion a l  v e c t o r  space over GF(2) and x .  (1 < i  < m) 
be a v a r ia b le  over GF(2).  For 1 ^  v < m, l e t  P^  be the se t  o f  polynomials 
over GF(2) o f  va r ia b les  x , , . . . ,  x o f  degree v or l e s s .  For 0 < i < 2 m-l. l e t1 ÏÏ1 — J 5
m-1
= .2 V..Œ1, v . .  € GF (2)  .i=0 j i  J i
For f ( x  x ) € P , l e t  v ( f )  denote a v e c to r  in V o f  which the f i r s tm v
component is  f ( 0 , . . . ,  0) and the j - t h  component ( j  > 1) is  f ( v  v ,
j “ 20 j - 2 1
•••» Vj_2  m-1^’ Then the v - t h  order Reed-Muller code o f  length 2m is  the 
se t  o f  v e c to r s  { v ( f ) | f  Ç P^} . Delete  the f i r s t  component o f  each vec tor  
o f  the v - t h  order Reed-Muller code o f  length 2m. Then the r e s u l t i n g  set




y.  = u. + .S1 u . .  x .  € P. (1 < i < m)J j o  i = l  j i  l  1 v J — '
I f  v e c to r s  ( u ^ ,  Ujm  ^ ^  — 3 H are l in e a r ly  independent,
y n , • • • > y„ w i l l  be sa id  to be independent. For f ( x , , . . . ,  x ) € P , there 1 <*> 1 m v
is  f  in Pv such that f C y ^ . . . ,  ym> = f ' C x ^ . . . ,  x j . T here fore ,  i f  v ( f )  
i s  a code v e c to r  o f  the v - t h  order Reed-Muller code ,  then v ( f ’ ) is  a l s o  a 
code v e c t o r .  I t  f o l l o w s  from th is  f a c t  that  a modified  Reed-Muller code 
i s  c y c l i c  E10]] • Let w ( j )  denote the number o f  ones in the binary  express ion  
o f  j .
Theorem 3 [ 1 0 ] :  Let g(X) be the generator polynomial o f  the v - t h
order  modi fied Reed-Muller code o f  length 2m- l .  Then is  a r o o t  o f  g(X)
■k
The order o f  the d i g i t  p o s i t i o n s  is  d i f f e r e n t  from the o r i g i n a l  
one [ 1 , 9 ] .
<
9i f  and only i f  0 < w ( j )  < m-v .
This theorem implies that the v - t h  order modi fied Reed-Muller code is 
m-va subcode o f  a (2 -1)-BCH code.
For polynomial f ( x  x ) ,  l e t  | f| denote the number o f  m-tuplel  m m r
(v . . , . . . ,  v ) ' s such that l m
By d e f i n i t i o n ,  I f| m is  the weight o f  v e c t o r  v ( f )  . I f  y . ' s  (1 < j  < m) in
P are independent and f ' ( x x  ) = f ( y _ , . . . ,  y ) ,  then J- l  m 1 m
l f ' L  = l f L -  (12)m
This fo l l ow s  from the f a c t  that y . = u ,  + 2 u x (1 < i < m) de f inesJ j o  i = l  j i  i  -  J -
a on e - to -one  mapping from V onto i t s e l f .m
Lemma 4 : Assume that (1 )  m > 2, (2)  f ( x . , . , . ,  x ) € POJ (3)  f  does noti  m z
depend on x^ ( i  < i Q < m) but on x.  . Then there e x i s t  independent y ^ ^ ' s
o ^
(1 < i  < t ;  1 < j < & .) in P, such— — — J — l  1 that
(1)  y ^  = x ±
° t V 1
(2 )  f ( X l .......... x j  = uq + .S l  , < «  y O >  + u, y< ‘ > ) ,
where u^ € GF(2) (0 < i  < t ) .
P r o o f : I f  m = 2, i t  is easy to  check that th i s  lemma ho lds .  Suppose
that th is  lemma holds f o r  2 < m <  m' . Consider the case o f  m = m'. Let
£(X1” - - ’ Xm) = V V " ’ Xm> + X1 W ' " ’ xJ >  <13>
where F € P0 and F.. € P. . I f  F. = 1,o 2 1 1  1 ’
f ( x l 5 . . . ,  xm) = x,  + Fq( x 2 , . . . ,  x_ ) .m m
10
Then apply the induct ion hypothesis  to Fo ( x 2 >**»> xm) • Suppose that is
not a con stan t .  Since and F^(x2 > . . . ,  x^) are independent,  there e x i s t
independent y , . . . , y such that i  m
(1) y i = x i>
(2 ) y 2 = F1^x 2* * ' * ’
and (3) ^2 ’ ° ' * ’ ^m are Po l ynomials ° f  x 2 ’ *'. . ,  x o f  the m
f i r s t  degree .  Then i t  f o l l o w s  from (13) that
f ( V - >  V  = y ly 2 + f ' ( y 2 ” - - ’ yn>-
where f ^ j ^ , . . . ,  y ) = F0 ( x 2 , * * ' , xm) • Now aPPly the induct ion  hypothesis  
to f’(y2,..., ym). Q.E.D.
Let GQ(i-) and G^(j£) be defined  by the f o l l o w in g :
Go W  = l Xl X2 + x 2x 3 + ' " + Xx - 1 XA ’ 1 -  2
Note that
I f ( x X!
G0 ( l )  = 0,
G-^ C Si) = 1 x ^ 2  + x 2x^ +. . .■
X ) L =  I f ( x ,  , . . . , X , 0)| •m m i  m-1 m-1
I 1 + f ( x  , . .  . ,  x  ) I = 2m1 m m
XX - l Xj£ + XA - > 1.
1f ( x l5 •••’ Xm-1> 1} 1 - 1
(14)
1f ( x lS •••’ V L 0 5 )
I t  is  easy to  check that ,  f o r  Si > 2,
G0(X) = I x lx2 + " *  + - 2Xjg, -1 1 X -1+ l XlX2 + “ *+ Xj0-2Xi - l  + ^ - l U - l
= Go ( i - l ) (16)
11
1 W  = |xl X2 + - " + V 2  1 + I X1X2 + ' " + XX-2XX-1 + V l  +  l l i - l
= Gq (X-1)  + 2l~l - G ^ X - 1 )
By (16)  and (1 7 ) ,  for  X > 3
Go (X) = Gq (X -2) + G1(X -2 )  + Gq (X-2)  + 2X" 2 - G ^ X -2 )  
= 2G (X-2)  + 2X" 2
(17)
GX(X) = Go ( l - 2 )  + G1( / - 2 )  + 2X_1 - (Gq (X-2)  + 2^"2 -  G ^ X - 2 )  )
= 2G1( i - 2 )  + 2X -2
Hence,
2l~l -  G . ( i )  = 2(2X ' 3 -  G . a - 2 )  ) ,  i  = 0, 1 (18)
On the other  hand, i t  is easy to check that
There fore ,  i t
G i (2 )  = 1 = 2 -1 ,  i  = 0, 1
Go (1 )  = 0,
G ^ l )  = 1.
fo l l ow s  from (18) that ,  f o r  even X > 2,
G0 W  = GL(je> = 2i ‘ 1 -  2l/2'1 (19)
and that ,  fo r odd X > 1,
Gq(X) = 2^~l «  2 ^ " 1 ) / 2 , (20)
G ^ X )  = 21'1. (21)




X < m-1 and £• is  e i t h e r  0, 1 or -1.
12
P r o o f : I f  m = 2, th is  lemma is obv ious .  Assume that th is  lemma holds
for  2 < m < m' and cons ider  the case o f  m = mf . By Lemma 4,  there e x i s t  
independent y ^ , . . . ,  y^ in such that ,  f o r  some h ( l  <_ h < n>),
£ ( x i* —  > Xm) = yh> + £i<yh+ i > - - - ’ ym>>
fo(yi ’ • ■ yh} = y i y2 + y 2y3 + - - - + yh - i  yh +uyh-
where u £ GF(2) and, i f  h = m, f^ is  a constant .  I f  h = m, th is  lemma 
fo l low s  from ( 1 5 ) ,  ( 1 9 ) ,  (20)  and (2 1 ) .  Otherwise,  i t  f o l l o w s  from the 
induct ion hypothesis  that
I f = 2h_1 + 6 2 ° o' h o
|f  | . 2 " - W t S ,2  \1 1' m-h 1 ’
where ( i  = 0 , 1) is e i th e r  0 , 1 or -1 and
h/2  - 1 < X < h-1 — o —
(m-h )/2  - 1 <_ X^ < (m-h) - 1.
I t  is  easy to  check that
| f| = | f  |, (2m_h -| f  | ) + |f  | (2h -  | f  | ) .m o' h l 1 m-h 1 l 1 m-h v 1 o' nr
By (22)  and (2 3 ) ,
| f  | m = (2 h " 1 + £ 02 ° ) ( 2 m"h" 1- l) + (2h~l- 1 2  ° ) ( 2 m"h " 1+ f i ^ 1)
. , jl +X..+1





By (24)  and (2 5 ) ,
m/2 - 1 < X + X, + 1 < m-1. — o 1 —
Since £ is  e i th e r  0, 1 or -1 ,  the lemma h o lds ,  o 1 Q.E.D.
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The fo l l o w in g  theorem fo l l o w s  from the d e f i n i t i o n  o f  Reed-Muller codes 
and Lemma 5.
Theorem 6 : The weight  o f  a code v e c to r  o f  the second order Reed-Muller
code o f  length 2 is  o f  the form:
2r l H 2  \
where m/2 - 1 < X < m-1 and £ is  e i t h e r  0, 1 or -1 .
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4.  SUBCODES OF THE SECOND-ORDER MODIFIED REED-MULLER CODES
In what f o l l o w s ,  the weight d i s t r i b u t i o n s  o f  subcodes o f  the second 
ordtarmodified Reed-Muller code w i l l  be cons idered .
Lemma 7 : A c y c l i c  code C with o v e r a l l  p a r i t y  check is  a subcode o f  the
second order -m od i f ied  Reed-Muller code o f  length 2m- l ,  i f  and only i f  the
generator g(X) is o f  the form:
2m- lg(X) = (X - 1) /  (h ( X ) . . .h (X) ) ,
1 P
where h ^ ( X ) , . . . ,  h^(X) are d i f f e r e n t  i r r e d u c i b l e  polynomials and there are 
in tegers  p, (1 < i  < p) such that
0 < V l <  P-2< .  . .< |A < m/2,
M-i
-2 -1h. (c* i ) = 0. 
i
P r o o f : I t  f o l l ow s  from Theorem 3 that i f  h^ (Of-1) = 0 (0 < j  < 2m- l ) ,  
then m-2 < w ( j )  < m. Hence, j  = 2™ - 1 - j ' ,  where 1 < w ( j 1) < 2. I f  
w ( j ' )  = 1, l e t  |i. = 0. Q.E.D.
I f  = 0, the extended code o f  C is  invariant  under permutation group
tt by Theorem 1 and, consequent ly ,  the symmetry p ro p e r t i e s  (2)  and (3)  hold
fo r  C. I f  = m/2, the degree o f  h ^ X )  is  m/2. Otherwise,  the degree o f  
h^(X) is  m. (Refer to  [ 12] . )  Hence, i f  |j, = m/2, then k = (2 p - l )m /2 ,  and
otherwise  k = pm.
Theorem 8 : Suppose that code C s a t i s f i e s  the co n d i t i o n  o f  Lemma 7 and
that p > 2. I f  |i1 = 0, l e t  |i = p^.  Otherwise,  l e t  p, = |i . Then the weight
o f  a nonzero code v e c to r  o f  C is  o f  the form:
2m~l + £ 2X ,
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where m/2-1 < i < m-1- M- and £ is  e i th e r  0, 1 or -1 .
P r o o f : Let Cq be the c y c l i c  code o f  length 2m- l  generated by g ( X ) / ( X - l ) .
Then C is  the set  o f  the code v ec to r s  o f  even weight in C . I t  is easy to
m , m-1- M- . °
check that ,  f o r  1 < < m/2, 2 - 2 1-1 is the smallest  among the
p o s i t i v e  exponents o f  the ro o t s  o f  h^(X).  Hence, the minimum d is tan ce  o f
C is  at l ea s t  2 - 2 ^ — 1 by the BCH bound [ 5 ] .  Since C contains
0 o
a l l - o n e  v e c to r  e ,  there i s  no code ve c to r  o f  weight j with
2 + 2  ^ < j < 2 - 1 .  Thus, th is  theorem fo l l o w s  from Theorem 6 and
Lemma 7. Q.E.D.
For 0 < i  < [ ( m - 1 ) / 2 ] , l e t
a i  a2m” 1 + 1 + a2m" 1 + 2[ ( m“ 1) / 2] + 1 (26)
From Theorem 8, i t  f o l l o w s  that ,  f o r  even i ,
[ m / 2 ] -  M- #[ ( m - i ) / 2] + A i  - 
h  ~ i§0 2 a i (27)
Lemma 9:: Let m > 3. I f  |i = 0, |jb = [m/2] - p+i  (2 < i  < p) and 
[m/2]  - [m/3] + 2 > p, then code C is  a (2m 1 - 2m [ m/2]+p-3)  _bCh code .
Pr ° o f • For 0 < j  < 2m- l ,  l e t  j . denote the smallest  exponent o f  themin r
r o o t s  o f  the minimum polynomial o f  cr-1. If g(QfJ) = 0 and w ( j )  < m-3, then 
m-1 , 0m - [m /3 ] - l  0[m /3 ] - l .j  . < 2 - 1  - (2Jmin — v + 2 + 2 )
Hence,
i < 2m_1 - 2m" -^m/ 3^ " 1 _ i  < 2m“ 1 - 2m~[m/ 2J+P“3Jmin — “ i .
I f  g ( a J) = 0 and w ( j )  = m-2, then
i < 2m - 1 - ( 2 m~1 + 2m“ f - [ m/2 ]+ p - lv  < 2m~l 2m-[m/2]+p-3 
Jmin — v ' ~ L
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On the other hand, i f  g(Q^)  ^ 0,
. > 2m-i _ /2 tn" 1+2m"^my/2^ +P“3\ _ 2m_1 - 2m”t-m/2 ] + P “3_,
-lmin — '  ' *
Thus, th is  lemma fo l low s  from the d e f i n i t i o n  o f  (2 m ^-2m l-m/ 2J+P 3)-gCH
c o d e s . Q.E.D.
I t  is  easy to check that b^ + b£ = ^  an<3 on-ly i f  the exponent o f
,mg(X) is  equal to 2 -1 .  H erea f ter ,  th is  c o n d i t i o n  w i l l  be assumed. Let 
( X ^ , . . . ,  X^) denote the g rea tes t  common d i v i s o r  o f  i ^ , . . .  and JL .
Lemma 10: Let = 0. Then  ^ 0, i f  and only  i f  (m, \l^,
V  =* u
P r o o f : From (3)
,m4 b = (2 -4 )  b .
4 2m-4
Since the dual code o f  C contains  a l l - o n e  v e c to r  ( 1 , . . . ,  1 ) ,
b = b „ .
2m- l - 3  3
J 2 J o
Hence, b^ + b ^  0 i f  and only i f  b^ 4 0. Assume that Oi , a and a are 
the l o c a t i o n  numbers o f  non-zero  components o f  a code v e c to r  o f  weight 3 in 
C. Then,
Jf  J2 J3
a + a = a , (28)
M*i »  M-
Jx (2  + 1) j 2(2 N-l)  j 3 (2 L+ l )
oi + or = a
From ( 2 8 ) ,  U .
j o ( 2 + 1) Ï ,  j 2 2 
o' = (a + a )
, (1  < i  < p) (29)
= Oi
\i> . M< . (J. . |i
V 2 ^ 1 )  J  2 1 j ,  J  j 22 1 j 2 (2 l + l )
+  Oi Oi +  Oi Oi +
(30)
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( j 1- J o ) ( 2  -1 )
or 1.
Thus, f o r  1 < i  < p,
M- .
1“ 1) = 0 ( mod 2m- l ) .
Since j  ^~ j 2 ^ 0 ( mod 2m- l ) ,  the " o n ly  i f  p a r t "  o f  the lemma fo l l o w s . The
converse can be proved s i m i la r l y . Q.E.D.
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5. WEIGHT DISTRIBUTION FORMULAS
Several  cases w i l l  be considered  in d e t a i l .
(a )  p = 2 and = 0.
I f  m-2 = m/2, then k = 3m/2, and otherwise ,  k = 2m. For examples,
(2 - 2  ^  ^  ^ ) -BCH codes and the duals o f  d o u b l e - e r r o r - c o r r e c t i n g  BCH
codes belong to  this  case .  Since the order o f  permutation group TT is 
2m(2m- l )  and the number o f  code v ec to r s  is  2^m or 2^m/^ , Lemma 2 is  very 
u s e f u l .  By using Lemma 2 and power moment i d e n t i t i e s  (9)  and ( 1 0 ) ,  the 
weight d i s t r i b u t i o n  formula is der ived  f o r  any 
Theorem 11 : Let p = 2 and = 0.
(1) I f  (m, p-2) = (m, 2 . ^ 2) = c ,  then
a = r2m" C‘ 1 + a ( m - c ) / 2 - l  m
a2m-l + 2 ( m f c ) / 2 - l  + a  ) ( 2  - 1 ) ,
a m-l = (2m - 2m_C + l)(2m- 1),
a.  = 0, for  other nonzero i .  
J J
(2 )  I f  2(m, (J»2) -  (m, 2 = c and c ^ m, then
2m" 1 + 2 ( 111+0 ) /2 = 2 (m"C ) / 2 " V m' C)/,2+ l ) ( 2m- l ) / ( 2 C/,2+ l ) ,  
m/ 2 - l  = 2( " * c ) / 2 - 1 ( 2k / 2- 1) ( 2» . 1) / ( 2c / 2+ 1 ) f
2m~1 + 2
a L = ( ( 2c / 2- 1) 2m' C +  1) ( 2m- 1) ,
a .  = 0. for  other nonzero j .
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(3 )  I f  2(m, p^) -  (m, 2 = m, then
a 1 /9 , = C2"1’1 + 2m/2"1)(2m/2-l),2m“ l + 2m/ 2_ l  v '  *
a = 2m- l2m_l
a.  = 0, f o r  other  nonzero i .  
J J
b are u-1
The p r o o f  is given in [ 12] .
The f o l l o w in g  theorem is  due to P less  [ 7 ] .
Theorem 12: I f  onlv u a . ' s  are unknown, and h . h . . .-----------  j * 1* 2'
known, then a unique s o lu t i o n  to (1 )  e x i s t s .
(b)  m = odd and k = 2m.
Theorem 13 : Let C be any b inary  l in ear  code for  which = ^2 =
n = 2m- 1 and k = 2m, where m is an odd in teger .
( i )  Let j  denote the smallest  i such that o J
Then.
a .  + a 4 0 0 < j  < 2
J 2m-j
i < 2m~1- 2(m_1) /2
m-1
I f  j Q is  i d e n t i c a l  with the upperbound 2 - 2  ^ l ) / 2  ^ weigh£ d i s t r ib u
t io n  is the same as the weight d i s t r i b u t i o n  o f  the dual code o f  a d ou b le ­
e r r o r - c o r r e c t i n g  BCH code :
>m-2 T 0(m-3)/2. /0m
a2m" 1 + 2 ( m - i ) / 2  ^2 2
‘ m-1 - + IK 2”-«,
a .  = 0, f o r  other nonzero i .  
J J
' ) (2 -1),
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( i i )  I f  C is a subcode o f  the second order modi fied Reed-Muller code 
for  which = 0, C has the weight d i s t r i b u t i o n  mentioned above.
P r o o f : By (9) and (1 0 ) ,
I 2 = 22"1' 2 (2m- 1) ,
I4 «  23m~3 (2m- 1) + 3*22m_1 (b 3 + b4 )
Thus,
4 2 j  < j  < 2mJo ---- '
(2m' 1- j ) 2 [ ( 2 m' 1- j ) 2 -  2m' 1] ( a . +  a )
3 2m- j
“  3 -22m-1 (b 3 + b4 ) . (31)
Hence,
T<: . 0m-l  I f  i = 2  Jo
and that
(2m*’ 1- i  ) 2 > 2m_1 Jo —
2 ( 1) Z2 9 i t  f o i l owg from (31) that f o r  i < i < a01-1
Jo J *
a . + a = 0  
J
(32)
b„ + b. = 0.3 4
Since only ^ /2 and a m-i are unknown, part ( i )  f o l l ow s  from
Theorem 12. The weight d i s t r i b u t i o n  o f  the dual code o f  a d o u b l e - e r r o r -
c o r r e c t i n g  BCH code is given by l e t t i n g  H = 1 in Theorem 11 ( 1 ) .
Consider part ( i i ) .  By Theorem 8, fo r  2™~l - 2^m_1^ 2 < j  < 2m“ 1,
a . + a = 0 .
J 2m- j
Since b3 + b4 = 0, f o r  j  0, 21” ' 1 + 2 (m_1)/2 and 2m' 1,
a . + a = 0 .
3 2m- j
Thus part ( i i )  f o l low s  from Theorem 12. Q.E.D.
The r e s u l t s  in cases (a)  and (b)  can be appl ied  to the c r o s s - c o r r e l a t i o n
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problem o f  two maximum length sequences [ l 2 ,  13] .
( c )  (2m 3 - 2m^ )-BCH codes for  even m > 4.
Let p = 3, |i  ^ = 0, M<2 = m/2-1 and |i-^  = m/2. Then k = 5m/2.
m—i m/2
shows that th i s  code is a (2 - 2 ) -BCH code .  There fore ,
Lemma 9
a.  = 0 ( i  > 2 ) .  ( 3 3 )
Since m/2-1 is r e l a t i v e l y  prime to m/2, i t  f o l l ow s  from Lemma 10 that
b Q + b. = 0 3 4
By (9)  and (1 0 ) ,
I 2 = 22m" 2 (23m/2 - 1 ) ,
I = 27m/2' 4 (2m/2 - l ) ( 3 - 2 m/2 + 2 ) .
By so lv in g  (27)  fo r  & = 2 and 4,
aQ = 2m (2m^ 2 - 1 ) (2m + 2m^ 2+1 + 4 ) / 3 ,
~i = 2m+2 (2m/2+l _ ^ (2m _ 1)/3>
By using ( 2 ) ,  the f o l l o w in g  theorem is obtained.
Theorem 14: For even m > 4,  a (2m 1 - 2 m^ 2)-BCH code has the f o l l o w in g
weight d i s t r i b u t i o n :
2m-l 2m/2 = 2m^2 “ 2 (2 m^ 2 "-L + l ) ( 2 m//2+1- 1) (2m- l ) / 3
2m_l + 2m /2 - l = 2m/2-1 (2m/2 i  l ) ( 2 m/2-  1 ) (2m + 2m/2+1+ 4 ) / 3 ,
a = (2 1^',2 -  1) ( 22m_1 + 23nl/ 2 "2 . 2m" 2 + 2m^2 + 1) 2m-l 7 *
a . -  0 f o r  other nonzero i .
J J
(d)  p = 3 and m = odd > 5.
In this  case ,  k = 3m. By ( 9 ) ,  (10)  and (1 1 ) ,  
I 2 = 22m‘ 2 (2 2m - 1 ) , (34)
22
4m-4 ,mI,  = 3-2 ( 2 - 1 ) , (35)
X6 = 24m‘ 5( 7 - 2 m- 8 ) ( 2 m- l )  + 6! 23m' 6( b 5 + b fi) . (36)
( d l )  Assume that b± = 0 (1 < i  < 6 ) .  The dual code o f  a t r i p l e - e r r o r  
c o r r e c t in g  BCH code is  th is  case .
By (2 7 ) ,
„m-1 — . „m-1 „  „ 2 i  — „2m-2 .2m
(37)9 “ l  T , 9 " l  v o2 i  ~  -  o2 -2 / 0 22 ao 2 iS i  2 a i  2 ( 2 - ! )
22 (m - l )  -  + 22 (m - l )  £ 24 i
-  ( 3 - 2 4m- 4 ) ( 2 m- l )i — 1
(38)
23(> - 1) ^  + 23 (m - l )  ^  26 i  ^  _ 24m' 5 (7 - 2 m- 8 ) ( 2 ra- l )
(39)
,m-lBy su b tra c t in g  2 times o f  (37)  from (3 8 ) ,
22<m’ 1) ,51 22 i ( 2 2 i - l )  a.  = 23m' 3 (2m- l ) ( 2 m-1- l ) .
(40)
.m-1By subtract ing  2 times o f  (38)  from (3 9 ) ,
23(m' 1} 24 i  ( 2 2 i - l )  a.  = 24m' 2 (2 m- l ) ( 2 m' 1- l )
(41)
.m+1By subtract in g  2 times o f  (40)  from ( 4 1 ) ,
y /9^ i 92i+2 2 i  -- 2 ) ( 2 -1 )  a i  = 0
Since (2 41 - 22l+2) ( 2 2 i - l )  > 0 for  i  > 1,
a. -  0, ( i  > 1) . (42)
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From (37)  and (3 8 ) ,
aQ = 2tn" 1 (2m- 1) (5*2m_1 + 4 ) / 3 ,  
a x = am" 3 (2m - 1 ) (2m_1 - 1 ) / 3 .
S ince  equation (2 )  holds fo r  the dual code o f  a t r i p l e - e r r o r - c o r r e c t i n g  
BCH code ,  i t  f o l l o w s  from equation (42)  and Theorem 12 that equat ion (2)  
holds  f o r  other ca se s .  Hence the weight d i s t r i b u t i o n  can be c a l c u la te d  
eas i l y .
(d2)  Now cons ider  the case where a.  + a = 0  f o r  0 < i < 2m
J 2m- j
and = 0 f o r  1 < i  < 4.  For example, l e t  = 0, (jl2 = (m-3 ) /2  and
= ( m - l ) / 2 .  Lemma 9 shows that th is  code is  a (2m 2^m+3^ 3)-BCH code .
Since ( m - l ) / 2  is  r e l a t i v e l y  prime to m, i t  f o l l o w s  from Lemma 10 that 
b . = 0 f o r  1 < i  < 4 .l  — —
Theorem 12 and equation (42)  imply that  the weight d i s t r i b u t i o n  f o r  
case (d2)  is the same as the one f o r  case ( d l ) . Consequently,  f o r  1 < i  < 6,
b .  = 0.l
Thus the f o l l o w in g  theorem ho lds .
Theorem 15: Let m be an odd integer g rea ter  than 4.
( i )  A (2 - 2^m ) -BCH code and the dual code o f  a t r i p l e - e r r o r -
c o r r e c t i n g  BCH code have the f o l l o w in g  weight d i s t r i b u t i o n :
+ 2 (nH-l)/2
+ 2 ( m - l ) / 2  = 
= (2m- l ) (9•2
2 ( m - 5 ) / 2 ( 2 (m -3 ) /2  + 1 )(2m-l)(2m~l-l)/ 3 , 
2 (m -3 ) /2^2 ( m - l ) / 2  ( 2m- l )  (5 • 2m' 1+4) / 3 ,
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a.  = 0, f o r  other nonzero i .
J
( i i )  These weight d i s t r i b u t i o n  formulas hold a l so  fo r  every subcode 
with k = 3m o f  the second order modi fied Reed-Muller code that s a t i s f i e s  
one o f  the fo l l o w in g  c o n d i t i o n s :
(1)  b.  = 0 f o r  1 < i  < 6.l  — —
(2 ) a .  + a = 0 f o r  0 < j  < 2m" 1 - 2 ( m f l ) / 2
J 2m_j J
and b^ = 0 fo r  1 < i  < 4.
( e )  (2m - 2^m+'^ ^ 2)-BCH codes f o r  odd m >  11.
Let p = 4 ,  = 0, M-2 = (m -5 ) /2 ,  p, = (m-3 ) /2  and p.  ^ = ( m - l ) / 2 .  Then
k = 4m. From Theorem 8, a" = 0 ( i  > 3 ) .  Lemma 9 shows that ,  f o r  m > 11, 
th is  code is a (2 2^m+2^^2)-BCH code .  The dual code is  a subcode o f
the dual code o f  a (2m ^2)-BCH code ,  which has minimum weight 7 by
Theorem 15. Consequently,
b = 0 (1 < i  < 6) .
By so lv in g  (27)  for  X = 2, 4 and 6 and using symmetry property  ( 2 ) ,  the 
f o l l o w in g  theorem is obta ined .
Theorem 16: ( i )  For odd m > 7, l e t  p = 4,  M» = 0, p^ = (m -5 ) /2 ,
(jl^  = (m-3 ) /2  and p,  ^ = ( m - l ) / 2 .  Then,
a , = (2m_1 + 2 (m" 1 ) / 2 ) ( 1 5 1 - 2 2m_3+ 25 • 2m+ 25)2m“l 2 (m~l)/2 v /v '
.m(2 - l ) / 4 5 ,
„ _ ,0m"2 — „(m-l)/2, m-5 m-1
a2m-l + 2(mrt)/2 - <2 + 2  H 23 2 + D ( 2  -1)
,m
(2 -  l ) / 9 ,
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2m-l+ 2 (m f3 ) /2 = (2m' 6 +  2 (,n' 7 ) / 2 ) ( 2 m- 3 - l ) ( 2 m- 1- l )
(2 - l ) / 4 5 ,
a m . = 24m- 1 -  5
21" ' 1 j * ) ,  2m-1 J
a.  = 0, f o r  other nonzero i .  
J J
( i i )  For m> 11, thè code in ( i )  is  a (2m 3-2^nH*3  ^^2) -BCH code.
( f )  The dual codes o f  t r i p l e - e r r o r - c o r r e c t i n g  BCH codes f o r  even
m > 6.
Let M < = 0, M<2 = 1 } and = 2. Then k = 3m. I t  is easy to  check that 
th is  code is thè dual code o f  a t r i p l e - e r r o r - c o r r e c t i n g  BCH code .  Hence, 
b .  = 0 (1 < i  < 6 ) .  From (2 7 ) ,  ( 3 4 ) ,  (35)  and (3 6 ) ,
9m"2 7 9m 7 . 9m_2 V o2i — 02m-2 2m2 ao + 2 &l + 2 .52 2 a. = 2 (2 - 1 ) ,
2m-4 — 2m — 02m-42 a + 2 a, + 2 o 1
v 9^i  — o 04m-4/0m . .
1^2 2 a i  = 3 ' 2 (2 " 1) j
(43)
(44)
23m~6 aQ + 23m + 23m~6 .|2 26 i  I .  = 24m- 5( 7 - 2 m- 8 ) ( 2 ,n- l )  (45)
By e l im in at ing  a^ and a^,
a2 + 28a3 + i^4 c i a i  = 2m-4(2m-2- l ) ( 2 m- l ) / 1 5 ,
where c .  > 28.1
On the other hand, i t  can be shown that ,  f o r  j  > 3,  a  ^ is  d i v i s i b l e  by 
m-4 m
2 (2 - 1 ) .  The proo f  is  given in Appendix 2. Hence, i t  is  easy to  check
that ,  f o r  6 <_ m < 10, = 0 ( i  > 3 ) .  Consequently,  the weight d i s t r ib u t i o n s
o f  the dual codes o f  t r i p l e - e r r o r - c o r r e c t i n g  BCH codes f o r  m = 6, 8 and 10
can
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e a s i l y  be found by so lv in g  equat ions ( 4 3 ) ,  (44)  and (45)  and using
symmetry property  ( 2 ) .
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APPENDIX 1
The P roo f  o f  ( 9 ) ,  (10) and (11 )
Assume that code C has no code v e c to r  with odd weight .  Add a l l - o n e  
v e c to r  ( 1 , . . . ,  1) to the bas is  o f  C, and l e t  C ‘ denote the r e s u l t i n g  code 
■faith k+1 information d i g i t s .  Add an o v e r a l l  p ar i ty  check to  C' and denote 
the r e s u l t in g  code o f  length n+1 by C". Let a  ^ (o r  a*.') denote the number 
o f  code v e c to r s  o f  weight j o f  code C' ( o r  C") and l e t  b" denote the 
number o f  code vec to r s  o f  weight j  o f  the dual o f  code C " . Then, fo r  
even j
a .  = a . = a . ,  
J n-J J
a\' = a'. + a '  = a.  + a . ,  j  ^ 0, 
J J j n + l - j  J (Al)
I t  is easy to check that f o r  odd j
b'.' = 0 
J (A2)
and that fo r  even j  ^ 0
b'.' * b . + b . , 
J J J - l (A3)
By id e n t i ty  (1)
n+1 . n+1 i ,
j S 0 j  a j  = hS0 ( ‘ 1)h bh c v V ! ^  2k+1' V
n+l-h
n+l-v ) ,  (A4)
where is a S t i r l i n g  number o f  the second kind and ( n+} -h ) = o fo r  * n+l-v
h >  V 0 By (A l )  through (A4),
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= 2_1 j S 0 ( j  -  ( n + D / 2 ) P a» - ( n + l ) p 2 ' p
= 2_1 J n  < - « P_i <?> (n+i ) P_i 2 ' p+x J n ( - i ) h b ' - . l v !
n+1
X=0
V 0k+l-v , n+l-h
GX ^ ( n-+i.;‘ ) - ("+d p 2-p
h=0 h v =0
^ ok"P
- 2^ h i n  < - 1>h bh J h -  ( " + D P 2~P)P o “ Ph-0
P/2
h ph
2kPh£o ( b 2h + b2 h - l ) Jp2h " (n+1)P 2 P ’ f o r  even P> (A5)
where
j Ph ■ i o  < - i >p '*  <*> <n+i) p" ' 2i v S o v :  g* 2' v < ££  >•
By using formula
v
(n+l )n  . . .  (n-v+2) = £g 1 ( n + l ) f ,
where s j  is a S t i r l i n g  number o f  the f i r s t  kind [ 8 ] ,  we have
V  ■ J o  ( - 1) P' "  (I> <n+1>P'*  ¿1 2 "Vf=0 Sv ( " + 1>f -
By not ing  that = 0 f o r  f  > v and = 0 f o r  v >  ^}
Jpo -  j o  ( " + D P' q J o  ( - 1 ) "  ( ? )  2* v5 0 2-V
“  qSo ( n+1) P' q J o  2'  J o  ( - 1) "  ( ? )  S j ' 1 SM  (A6)
XSince  = 1, we have
J = P!PP (A7)
By ( A 5 ) , (A 6 ) , (A7) and a s tra ight forw ard  but tedious  c a l c u l a t i o n ,  equations 
( 9 ) ,  (10)  and (11) can be derived»  Code C has been assumed to  have no code 
v e c t o r  with odd weight .  However, i t  f o l l o w s  from id e n t i t y  (1)  that the
29
form o f  I depends on on ly  n and k. T h ere fo re ,  ( 9 ) ,  (10) and (11) hold  fo r  
the genera l ca se .
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APPENDIX 2
The nota tion s  in s e c t io n  2 w i l l  be used. Let p = 3, j  = 2m- l - 3 ,  
2^ = 2 -1~5 and = 2m- l - l .  I t  is  easy to  check that (1 ) E 
( i  ¥ q, i  = 1 , 2) is empty, ( 2) E ^  = { l ]  (1  < i  < 3 ) and ( 3 )
E31 = i o ,  m-l] and E ^  = £0 , m -2}. From ( 8) i t  fo l lo w s  that
3 ' = a ' 3B H1 P1
H
p 1 _ ~3q 2 -30 2m_1 R2m‘X 2m'1B3 = a B 1b + a  p j b
, - 5 4 , - 5•2m~2 2m" 2 2m~2 - 1Q+a P2b + a ^2 b + a 3^
..m-2
















- 3 " 2m_1 R2m" 1 2l P 1 Z
I f  3 or is  not equal to  ze ro ,  the zeros o f  f ( Z )  form a c -d im ensional
subspace o f  GF(2m) ,  where 1 < a < 4. Thus, fo r  f ix ed  a, 3 ^  P2 , and 3 the
m-2
number o f  elements o f  = f (Z )  + a ” p , Z = b , b € GF(2m)} is
m-4
ddati&ible by 2 . Now, suppose that v (0 ,  3 , P2 , 3 :X) has weight j  with
2  ^ + < | j - 2m X| < 2m X. I f  3^ or P2 is  equal to  ze ro ,  v (0 ,3 ^ ,  P2 ,
,^ 3 :X) is  a code v e c to r  o f  a code considered  in case (a) and the weight o f
nonzero v e c to r  v ( 0 , 3 ^  P2 , 3 3 :X) is greater  than 2m_1- 2m^ 2+2- 1 and
11 1 „m-l _m/ 2+2 , „ _sm aller than 2 + 2  - 1. Hence, and P2 can not be ze ro .
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Let Si be a p o s i t iv e  in teger such that
U  = 51 = 0 (mod 2m- l ) .
Then,
2i = 0 (mod 2m- l ) .
Hence, X must be a m u ltip le  o f  2m- l .  Thus the number o f  pa irs  
{ ( P[ > = a = a a?i0 * a  ^ GF(2m)} is equal to  2m- l .
Consequently, i t  fo l low s  from Lemma 2 that a . + a is d i v i s i b l e  by
A J 2m- j
2m- 4 (2 m- l ) .  J
32
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shall end with an indication of the military security clas­
sification of the information in the paragraph, represented 
as (TS), (S), (C), or (U).
There is no limitation on the length of the abstract. 
However, the suggested length is from 150 to 225 words.
14. KEY WORDS: Key words are technically meaningful terms or 
short phrases that characterize a report and may be used as 
index entries for cataloging the report. Key words must be 
selected so that no security classification is required. 
Identifiers, such as equipment model designation, trade 
name, military project code name, geographic location, may 
be used as key words but will be followed by an indication 
of technical context. The assignment of links, roles, and 
weights is optional.
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